In this paper, we clarify the structure of the Stone spectrum of an arbitrary finite von Neumann algebra R of type I n . The main tool for this investigation is a generalized notion of rank for projections in von Neumann algebras of this type.
Introduction
The Stone spectrum Q(L) of a lattice L is the set of all maximal dual ideals in L, endowed with the following topology: For a ∈ L, let
Here 0 denotes the minimal and 1 the maximal element of L. We assume here that such elements exist in L. 1 Hence the sets Q a (L), a ∈ L, form a basis of a topology for Q(L). We call Q(L), together with this topology, the Stone spectrum of the lattice L. This is an obvious generalization of Stone's construction ( [16] ). Stone's motivation was to represent an abstract Boolean algebra by a Boolean algebra of sets. However, there are two other scenarios, quite different from Stone's, that lead to the same construction.
If S is a presheaf on a complete lattice L, we can define germs of S in every filter base in L, i.e. in every subset F that satisfies 
S(a).
Of course, if a ∈ L \ {0}, {a} is a filter base, but in general it makes no sense to regard S(a) as a germ. Moreover, the set of all filter bases is a vast object. For the definition of an etale space corresponding to the presheaf S, it is therefore meaningful to consider germs in maximal filter bases. This is why we speak of quasipoints instead of maximal filter bases. Now it is easy to see that maximal filter bases are nothing else but maximal dual ideals in L. The sheafification of S is therefore defined over the Stone spectrum of the lattice L ( [3] ).
The Stone spectrum Q(R) of a von Neumann algebra R is by definition the Stone spectrum of its projection lattice P(R). If R is abelian, Q(R) is homeomorphic to the Gelfand spectrum of R ( [3] ). The Stone spectrum of R is therefore a generalization of the Gelfand spectrum to the non-abelian case. Moreover, also the Gelfand transformation has a natural generalization to the non-abelian case. If A is a selfadjoint element of a von Neumann algebra R, and if E = (E λ ) λ∈R is the spectral family of A, we define f A (B) := inf{λ | E λ ∈ B} for all B ∈ Q(R). The function f A : Q(R) → R, called the observable function corresponding to A, is continuous and coincides with the Gelfand transform of A if R is abelian ( [4] ). This means that the Stone spectrum of R is a natural generalization of the Gelfand spectrum. The Gelfand spectrum of an abelian von Neumann algebra is, in general, a rather wild object. So it is to be expected that the Stone spectrum of a non-abelian von Neumann algebra can have a very intricate structure.
In the case of R = L(C n ) however, the situation is quite simple: let B be a quasipoint of R and let P 0 ∈ B be a projection whose rank is minimal in the set {rk(P ) | P ∈ B}. Pick a subprojection Q of P 0 that has rank one. Then rk(P ∧ P 0 ) ≤ rk(P 0 ) and P ∧ P 0 ∈ B for all P ∈ B, hence P 0 ≤ P for all P ∈ B. This implies Q ≤ P for all P ∈ B and, therefore, Q ∈ B by the maximality of B. Hence B = {P ∈ P(R) | Q ≤ P } for a unique Q ∈ P(R) of rank one. Since in a factor the abelian projections are minimal, the foregoing result can be expressed as: each quasipoint contains an abelian projection.
If R is a von Neumann algebra of type I n , n ∈ N, with center C, the above argument is not applicable since the rank of a projection is infinite in general. Nevertheless the result that each quasipoint of R contains an abelian projection is still true 2 . Even the simple idea of the foregoing proof is transferable -provided the notion of rank is suitably generalized. This generalization is the basic idea of this paper.
Moreover, we investigate the topological structure of Q(R). It is shown that Q(R) is a sheaf over the Stone spectrum Q(C) of the center C of R. The projection mapping of this sheaf is given by
This implies that Q(R) is a locally compact space. The fibres of ζ C are discrete and representable as quotients of the unitary group U(R) of R modulo a subgroup (depending on the fibre).
In section 5 we solve the "trace-problem" for quasipoints of finite von Neumann algebras R of type I n . This problem is the issue whether for a given quasipoint B of a von Neumann algebra R there is a maximal abelian von Neumann subalgebra M of R such that B ∩ M is a quasipoint of M. We show that this is the case for all finite von Neumann algebras of type I n . Moreover, we show that the property
where A(R) denotes the set of all abelian von Neumann subalgebras of R, is only satisfied in the trivial case that R is abelian.
Local action of partial isometries on Stone spectra
Let R be a von Neumann algebra with center C. The following result ( [3] , [7] ) means that the Stone spectrum of the center C of an arbitrary von Neumann algebra R is a quotient of Q(R). For the sake of completeness, we present here also the proof given in [3] for the first half of this proposition. 
for all B ∈ Q(R), where
Proof: B ∩ A is clearly a dual ideal in P(A). Let β ∈ Q(A) be a quasipoint that contains B ∩ A and let
Hence there is some P ∈ B such that P ∧ C = 0. Because C is central this means P C = 0. But then P = P C + P (I − C) = P (I − C), i.e. P ≤ I − C. This implies I − C ∈ B ∩ A ⊆ β, a contradiction to C ∈ β. Hence B ∩ A is a quasipoint in A. It follows immediately from the definition of the A-support that ∀ P, Q ∈ P(R) : P ≤ s A (P ) and
holds. This implies that {s A (P ) | P ∈ B} is a filter base contained in B ∩ A. Because of s A (P ) = P for all P ∈ P(A), we must have equality. Now we prove that
s A (γ), and we shall show that this implies that {P Q | Q ∈ γ} ∪ γ is a filter base in P(R). Since γ consists of central projections, {P Q | Q ∈ γ} ∪ γ is a filter base if and only if ∀ Q ∈ γ : P Q = 0.
Assume that P Q = 0 for some Q ∈ γ. Then P ≤ I − Q, hence also s A (P ) ≤ I −Q, contradicting s A (P ) ∈ γ. Let B be a quasipoint in P(R) that contains
Hence γ = ζ A (B) since ζ A (B) and γ are quasipoints in P(A). This proves (i). (ii) follows from the fact that each quasipoint in P(A) is contained in a quasipoint in P(R). Properties (i) and (ii) imply that ζ A is open, continuous and surjective. Now let M be a von Neumann subalgebra of R such that B ∩ M ∈ Q(M) for all B ∈ Q(R). Without loss of generality we can assume that M = lin C {P, I} for some nonzero projection P ∈ R. Then our condition is equivalent to ∀ B ∈ Q(R) : P ∈ B or I − P ∈ B.
Let Q be an arbitrary nonzero projection in R.
According to our condition we have P ∈ B or I − P ∈ B, hence Q ∧ P ∈ B or Q ∧ (I − P ) ∈ B, a contradiction. Thus Q = Q ∧ P + Q ∧ (I − P ). Therefore Q ∧ P = (Q ∧ P )P = QP , hence P Q = QP . Since Q was arbitrary, P is in the center of R.
If B ∈ Q(R) and F ∈ B, the set
It is easy to see that a quasipoint is uniquely determined by any of its socles.
Let θ ∈ R be a partial isometry, i.e. E := θ * θ and F := θθ * are projections. θ has kernel E(H) ⊥ and maps E(H) isometrically onto F (H). Now it is easy to see that for any projection P U ≤ E we have
A consequence of this relation is
If B ∈ Q E (R) then
is the F -socle of a (uniquely determined) quasipoint θ * (B) ∈ Q F (R): Equation 2 guarantees that θ * (B E ) is a filter base. LetB be a quasipoint that contains θ * (B E ). Then θ * (B E ) ⊆B F . Assume that this inclusion is proper. If Q ∈B F \ θ * (B E ) then θ * Qθ / ∈ B E and therefore there is some P ∈ B E such that P ∧ θ * Qθ = 0. But then θP θ * ∧ Q = 0, a contradiction. This shows that we obtain a mapping
where θ * B denotes the quasipoint determined by θ * (B).
It is easy to see that θ * is a homeomorphism with inverse (θ * ) * . Note that θ * is globally defined if θ is given by a unitary operator.
We denote by Q β (R) the set of all quasipoints over β and by P β (R) the set of all projections over β.
Lemma 2.1 Let θ ∈ R be a partial isometry and
Proof:
The image θ * B of B depends on the partial isometry θ, not only on the projection θ * θ ∈ B. If, for example, R is a factor of type III, every non-zero projection P ∈ R is equivalent to I, so Q(R) ∼ = Q P (R). The situation is considerably simpler for abelian quasipoints.
Definition 2.2 A quasipoint of R is called abelian if it contains an abelian projection.
The term "abelian quasipoint" is motivated by the following fact: If E ∈ B is an abelian projection then the E-socle B E , which determines B uniquely, consists entirely of abelian projections. Moreover every subprojection of an abelian projection E is of the form CE with a suitable central projection C.
Let B be an abelian quasipoint over β ∈ Q(C) and let E, F ∈ B be abelian projections. Then
for suitable p, q ∈ β, so pqE = pqF . If G is an abelian projection, equivalent to E via the partial isometry θ, then G ∈ P β (R) and pqE ∼ pqG via the partial isometry pqθ. Let B ′ be a quasipoint over β that contains G.
′ is any abelian projection, rG = rH for some r ∈ β. Therefore, pqrE ∼ pqrH. Since a quasipoint is determined by any of its socles, it follows that B ′ = θ * B for every partial isometry θ ∈ R such that θ * θ ∈ B, θθ * ∈ B ′ , and both are abelian. Summing up, we have proved the following result which already appears (with a similar proof) in [7] : Proposition 2.2 Let R be a von Neumann algebra with center C and let B, B ′ ∈ Q(R) be abelian quasipoints. Then B ′ = θ * B for some partial isometry θ ∈ R if and only if B ∩ C = B ′ ∩ C.
Rank over a quasipoint of the center
Let R be a von Neumann algebra of type I n (n ∈ N) and let C be the center of R. If C = C, then R ∼ = L(C n ) and the rank rk(P ) of a projection P ∈ R is the maximal number of pairwise orthogonal (equivalent) abelian subprojections of P . In this case, it coincides with the rank of P as a Hilbert space operator. In general, the rank of P ∈ P(R) as a Hilbert space operator is infinite. If we want to define the rank of P as a natural number, we can do this only locally over the quasipoints of C. The definition emerges quite naturally from the following Theorem 3.1 ( [11] , Corollary 6.5.5) If P and E are projections in a von Neumann algebra R with center C, s C (P ) = s C (E), and E is abelian in R, there is a family (p j ) of central projections in R with sum s C (P ) such that p j P is the sum of j equivalent abelian projections. If
It is useful to throw a short look at the proof of this result to see how the projectionsp j depend on P .
Let E ∈ P(R) be an arbitrary abelian projection with central support I and let β ∈ Q(C). If P ∈ R is a projection over β, the algebra Rs C (P ) is of type I n , too, and s C (P )E is an abelian projection with central support s C (P ). Hence there are mutually orthogonal central projections p 1 , . . . , p n with sum s C (P ) such that p j P is the sum of j equivalent abelian projections (1 ≤ j ≤ n). Since s C (P ) ∈ β, there is a unique j P ∈ {1, . . . , n} such that p j P ∈ β.
Definition 3.1 Let P ∈ R be a projection over β ∈ Q(C). Then rk β (P ) := j P is called the rank of P over β.
Note that if R is a factor, then Q(C) = {{I}} and rk {I} (P ) = rk(P ) for all nonzero P ∈ P(R).
Proposition 3.1
The rank over β has the following properties:
(ii) P ∈ P β (R) has rank n over β if and only if there is a p ∈ β such that p ≤ P .
(iii) If P, Q ∈ P β (R) and P ≤ Q, then rk β (P ) ≤ rk β (Q).
(iv) P ∈ P β (R) has rank 1 over β if and only if there is a p ∈ β such that pP is abelian.
(v) If P ∈ P(R) \ {0}, the function β → rk β (P ) is defined and locally constant on Q s C (P ) (C).
Proof: (i) follows directly from elementary results on the equivalence of projections.
(ii) If rk β (P ) = n, there are mutually orthogonal equivalent abelian projections E 1 , . . . , E n and p n ∈ β such that p n P = E 1 +· · ·+E n . Since R is of type I n , there are mutually orthogonal equivalent abelian projections
, proposition 6.2.2, and p n P ≤ p n s C (P )I n . Hence p n P = p n s C (P ) = p n , because R is finite and p n ≤ s C (P ).
(iii) Since P ≤ Q, s C (P ) ≤ s C (Q) and, therefore, P ≤ s C (P )Q. Hence we may assume that s C (P ) = s C (Q). Now, by definition, there are p j , q k ∈ β and orthogonal families (E 1 , . . . , E j ), (F 1 , . . . , F k ) such that
(iv) follows from the very definition of the rank over β.
Property (i) shows that rk β (P ) is merely an invariant of the set
This leads to the following notion.
Definition 3.2 Let R be an arbitrary von Neumann algebra with nontrivial center C, β ∈ Q(C) and define
∀ P, Q ∈ P(R) : (P ∼ β Q :⇐⇒ ∃ p ∈ β : pP = pQ).
Clearly, since β is a dual ideal, ∼ β is an equivalence relation on P(R). We denote the equivalence class of P ∈ P(R) by [P ] β , or simply by [P ], as long as the quasipoint β is fixed. where τ β is the character of C that is induced by β, holds for all a ∈ C: It suffices to prove the assertion for a ≥ 0, since then |b|
Remark 3.1 We can extend ∼ β to all of R by defining
Let E be the spectral family of a, ε > 0 and
There is a unique j such that
Thus, in general, [C] is an integer domain, but not a field.
We can transfer the partial order of P(R) to [P(R)] by
This is obviously well defined and satisfies the properties of partial order. Let P, Q ∈ P(R) and let
This is well defined, and if [E]
we have pE ≤ pP, pE ≤ pQ for some p ∈ β, hence pE ≤ pP ∧ pQ, i.e.
satisfies the universal property of the minimum.
We return to the discussion of the rank over β. The following result is decisive. It permits to generalize our proof that the quasipoints of a finite factor of type I are all atomic, to a proof that the quasipoints of an arbitrary finite von Neumann algebra of type I are all abelian. Proposition 3.2 Let R be a finite von Neumann algebra of type I n and let P, Q ∈ P(R) be projections over β ∈ Q(C) such that rk β (P ) = rk β (Q).
Proof: Replacing P and Q by s C (Q)P and s C (P )Q, respectively, we may assume that P and Q have equal central support. Moreover, we can assume that P ≤ Q holds. Then there are p ∈ β and orthogonal families (E 1 , . . . , E j ), (F 1 , . . . , F j ) of equivalent abelian projections such that
Hence pP = pQ, since M n (C) is finite, and therefore
The rank over a quasipoint of the center shares also another property with the ordinary rank: Proposition 3.3 Let R be a von Neumann algebra of type I n (n ∈ N) and let P ∈ P β (R) be a projection with rk β P < n. Then I − P ∈ P β (R) and rk β (I − P ) = n − rk β P .
Proof: For an arbitrary projection
Then c C (Q) = I − s C (I − Q) and s C (I − P ) = I − c C P implies that I − P ∈ P β (R) if and only if c C / ∈ β. But this is equivalent to rk β P < n. Let k := rk β and m := rk β (I − P ). Since β is a dual ideal, there is a p ∈ β such that
This implies Proof: Let C be the center of R. Consider a quasipoint B of R and the corresponding quasipoint β := B ∩ C of C. Let r 0 := min{rk β (P ) | P ∈ B} and choose P 0 ∈ B with rk β (P 0 ) = r 0 . Then we obtain for an arbitrary P ∈ B:
Hence, by proposition 3.2, [P ∧ P 0 ] = [P 0 ]. This means
Since rk β (P 0 ) ≥ 1, there is an abelian subprojection E of P 0 with s C (E) ∈ β. If P ∈ B, then pE ≤ pP 0 ≤ pP for a suitable p ∈ β. So, in particular, E ∧ P = 0. Hence, by the maximality of B, E ∈ B.
Together with the results of section 2, this theorem unveils the structure of the Stone spectrum of a von Neumann algebra of type I n (n ∈ N). Proof: Let E ∈ B be abelian and let p := s C (E). Since R is of type I, there is an abelian F ∈ P(R) with central support I. Then
, has central support I and, as E ∈ B, is contained in B.
The proof shows that, for infinite-dimensional C, an abelian quasipoint of a von Neumann algebra of type I contains infinitely many abelian projections with central support I.
We assume from now on that R is a finite von Neumann algebra of type I n . According to theorem 3.2, all quasipoints of R are abelian.
Lemma 4.2 Let E be an abelian projection over β ∈ Q(C). Then there is exactly one B ∈ Q(R) over β that contains E.
Proof: Let B, B ′ ∈ Q(R) be quasipoints over β that contain E. Since s C (pE) = ps C (E) for all p ∈ P(C), the E-socles of B and B ′ are equal to {pE | p ∈ β}. Hence B = B ′ .
Corollary 4.1 Each fibre
is a discrete subspace of Q(C) with respect to its relative topology.
Let E be an abelian projection with central support I. Then E induces a section
This follows directly from lemma 4.2: σ E (β) is defined to be the unique quasipoint over β ∈ Q(C) that contains E. More generally, each abelian E ∈ P(R) induces, according to lemma 4.2, a section
It is obvious that
hence σ E is continuous.
The range of σ E is Q E (R). It is the image of the compact set Q s C (E) (C) by the continuous mapping σ E , hence compact, too. This shows that Q(R) is a locally compact space. Moreover, ζ C , restricted to Q E (R), is a homeomorphism onto Q s C (E) (C), so ζ C : Q(R) → Q(C) is a local homeomorphism. In other words, Q(R) is a sheaf over Q(C) with projection mapping ζ C ( [17] , [2] ).
In a finite von Neumann algebra R, two projections P, Q ∈ R are equivalent if and only if there is a unitary T ∈ R such that Q = T P T * ( [13] ). The unitary group U(R) operates on Q(R) by
Note that this operation is in accordance with the local operation of partial isometries. For, if F = T ET * with E ∈ B and T ∈ U(R), θ := T E is a partial isometry with θ
It follows from proposition 2.2 and theorem 3.2 that U(R) operates transitively on the fibres of ζ C . The operation is, in general, not free. The
can easily be determined. (ii) T ET * ∈ B for some abelian E ∈ B.
(iii) T ET * ∈ B for all abelian E ∈ B.
(iv) If E ∈ B is abelian, there is some p ∈ β such that pT E = pET , i.e.
Proof: (iii) =⇒ ( ζ C (β)) differ only by conjugation with a suitable element of U(R).
We collect our results in the following 
5 Trace of a quasipoint on an abelian von Neumann subalgebra
The foregoing results can be used to answer the following question for the special case of a von Neumann algebra R of type I n (n ∈ N). This problem is of importance in the presheaf perspective of observables ( [6] ).
Let B be a quasipoint of a von Neumann algebra of type I n (n ∈ N) and let C be the center of R. Then β := B ∩ C is a quasipoint of C.
Choose any maximal abelian von Neumann subalgebra M ′ of R and any quasipoint γ ′ of M ′ that contains β. Moreover, let B ′ be a quasipoint of R that contains γ ′ . B and B ′ are both quasipoints over β, hence there is a But, if R has no direct summand of type I 1 or I 2 , an abstract form of the Kochen-Specker theorem ( [8] , [9] ) forbids global sections of the spectral presheaf. We will prove directly that no quasipoint B of a finite von Neumann algebra R of type I n (n ≥ 2) has the property that B∩M ∈ Q(M) for all maximal abelian von Neumann subalgebras of R. In order to show this, it is convenient to represent R as M n (C), the C-algebra of (n, n)-matrices with entries from the center C of R. M n (C) operates on C n which we regard as a C-module. (Since C is abelian, it does not matter whether we regard C n as a left or right C-module.) The general structure behind this situation is the theory of C * -modules ( [15] ). If a = (a 1 , . . . , a n ) t ∈ C n , the C-linear mapping
is the C-valued "scalar" product on C n , is a projection if and only if (a|a) is a projection in C. A short calculation shows that the projection E a is an abelian projection.
Remark 5.1 All abelian projections of M n (C) are of the form E a .
Proof: Choose a "reference-projection", say E e 1 , where e 1 := (1, 0, . . . , 0) t . Then E e 1 has central support I. If E ∈ M n (C) is an arbitrary abelian projection with central support p, E is equivalent to pE e 1 . Then there is a T ∈ U(M n (C)) such that
Now the property that B∩M ∈ Q(M) for all maximal abelian von Neumann subalgebras of R, is obviously equivalent to the property ∀ P ∈ P(R) : P ∈ B or I − P ∈ B.
Lemma 5.1 The property that B ∩ M ∈ Q(T (M)) for all maximal abelian von Neumann subalgebras of R, is equivalent to the property
.
Proof: Let P 1 ∨ · · · ∨ P k ∈ B, but assume that no P i belongs to B. Then, if the first property holds, I − P 1 , . . . , I − P k ∈ B and, therefore,
a contradiction. The converse is obvious.
Lemma 5.2 E a = E a ′ if and only if there is a unitary u ∈ C such that a ′ = ua. u is unique iff (a|a) = I.
Proof: If we consider the elements of C as continuous functions on the Stone spectrum Q(C) of C, a unitary is a continuous function u : Q(C) → S 1 . If a, a ′ ∈ {b ∈ C n | (b|b) ∈ P(C)} such that E a = E a ′ , then (a|a) = (a ′ |a ′ ), since (a|a)I n is the central support of E a . Moreover a ′ = E a ′ a ′ = E a a ′ = (a ′ |a)a and, symmetrically, a = (a|a ′ )a ′ . Hence (a|a) = (a ′ |a ′ ) = (a ′ |a)(a ′ |a) * (a|a), which implies (a ′ |a)(a ′ |a) * = 1 on the support of (a|a).
u(γ) := (a ′ |a)(γ) if γ ∈ S((a|a))
1 otherwise defines a unitary u : Q(C) → S 1 with a ′ = ua. The converse is obvious.
Let e := 1 √ n (1, . . . , 1) t and E := E e , let further e 1 , . . . , e n be the "unit vectors" in C n and let E k := E e k (k = 1, . . . , n). The projections E, E 1 , . . . , E n are abelian and have central support I. Since the quasipoints T BT * (T ∈ U(R)) have the property that T BT * ∩ M ∈ Q(T (M)) for all maximal abelian von Neumann subalgebra M if and only if B has this property, we can assume that E ∈ B. Because of E 1 + · · · + E n = I ∈ B, we conclude that E k ∈ B for some k ≤ n. Since E and E k are abelian and have central support I, there is a p ∈ B ∩ C such that pE k = pE. But, applying the foregoing lemma, this leads to a contradiction, since the components e kj of e k are zero for j = k, while the corresponding components of e are equal to (ii) ∃ B ∈ Q(R) ∀ P ∈ P(R) : P ∈ B or I − P ∈ B,
(iii) ∀ B ∈ Q(R) ∀ P ∈ P(R) : P ∈ B or I − P ∈ B.
Together with the abstract Kochen-Specker theorem we get 
